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$R=\{x : x\not\in x\}$
$R\in R$
$\frac{R\in R(\text{ })}{R\not\in R}$ ( $R$ l, )





ZFC ZFC iterative conception
of set ( ) $[$Boolos $1971]_{0}$ $\ulcorner_{X}$
$x$ $y\in x$ $x$
$\Gamma \mathrm{R}\mathrm{u}\mathrm{s}\mathrm{s}\mathrm{e}\mathrm{l}\mathrm{l}$ paradox




$A$ 2 $C$ $A$ 1
$\mathrm{G}\mathrm{r}\mathrm{i}\mathrm{s}\dot{\mathrm{l}}\mathrm{n}$ Contraction rule Russell Paradox








Theorem 222 $(\mathrm{G}\mathrm{r}\mathrm{i}\dot{\mathrm{s}\mathrm{l}}\mathrm{n})$ Russell paradox
equality relation
Leibniz equality $x=y$ iff $(\forall z)[z\in xrightarrow y\in z]$ ,
Extensional equality $X=_{\mathrm{e}\mathrm{x}\mathrm{t}}Y$ iff $(\forall x)[x\in X\mapsto x\in Y]$ .
x=y\rightarrow x=ext\sim $x,$ $y$






$\bullet 0$ $\emptyset=\{x : x\neq x\}_{2}$. $1=\{\emptyset\}$ ,. $2=\{\{\emptyset\}\}$ , etc.
Recursion theorem $\omega$
Theorem 231(Recursion theorem) formula $\varphi(x, \cdots, y)$
$(\exists z)(\forall x)[x\in zrightarrow\varphi(x, \cdots, z)]$
[Can03] 2 $z$ formula
$\theta$
$(\forall x)x\in\thetarightarrow\varphi(x, \cdots, \theta)$
Definition 2.3.2 $\omega$ term
$(\forall x)x\in\omegarightarrow[x=\emptyset\vee(\exists y)[y\in\omega\Lambda x=\{y\}]]$
$3\text{ }$
Lemma 2.3.3 ( ) $\text{ }$ $r.e.$ predicate weakly numeralwise representable
$\mathrm{r}.\mathrm{e}$ . predicate $\psi\underline{\subseteq}\mathrm{N}$ formula $\varphi(x)$
$n\in \mathrm{N}$





$\mathrm{G}\mathrm{L}$ extension Lq $\mathrm{H}$
$\mathrm{L}\mathrm{Q}$
Lukasiewicz $\mathrm{L}\mathrm{Q}$ GL
syntactical recursively axiomatizable $[\mathrm{S}\mathrm{c}\mathrm{a}62]_{0}$
predicate logic $\mathrm{G}\mathrm{r}\mathrm{i}_{\mathrm{S}\dot{\mathrm{l}}}\mathrm{n}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{i}_{\mathrm{C}arrow \mathrm{L}\mathrm{Q}arrow}^{\mathrm{C}\subset}$




Definition 2.4.1 L. 2-ary predicate $\in$ ,. logical $cons8antarrow,\neg,$ $\forall$ .
$\varphi(x)$ $\{x:\varphi(x)\}$ term. –Leibniz equality: $x=y$ iff $(\forall z)[x\in zrightarrow y\in z]$
-constant symbol $\emptyset$ term $\{x : x\neq x\}$
$\mathrm{M}=\langle M, r_{\in}, (m_{c})_{c\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}}\rangle$
$\bullet$ $M$ $M\neq\emptyset$ , const. $c$ $m_{c}\in M$. $r_{\in}:$ $M^{2}arrow[0,1]$ ,
Definition 242 $\mathrm{M}$ $||\varphi||_{\mathrm{M}}$ $\varphi$ $M$
$a,$ $b$ $||a\in b||\mathrm{M}=r_{\in}(a, b)$. $||\neg\varphi||_{\mathrm{M}}=1-$ $||\varphi||_{\mathrm{M}}$ ,. $|| \varphi 0arrow\varphi_{1}||_{\mathrm{M}}=\min$(1, $1-||\varphi 0||\mathrm{M}$ $||\varphi_{1}||\mathrm{M}$ ),
$\bullet$ $||( \forall x)\varphi(x)||_{\mathrm{M}}=\inf\{||\varphi(a)||\mathrm{M} : a\in M\}$
Definition 243 $\mathrm{L}\mathrm{Q}$ $T$. $\mathrm{M}$ $T$ $||\varphi||_{\mathrm{M}}=1$ for any $\varphi\in T$
$\bullet$
$\varphi$





White (proof search tree infinite branch
closed formula )




it may be possible to derive a significant amount of mathernatics in a set theory
( ) $[\mathrm{S}\mathrm{k}\circ 57]_{\text{ }^{}5}$











Theorem 31I $\mathrm{H}$ \mbox{\boldmath $\omega$}
3.2 3.1.1
Moh Shaw-Kwei Paradox[Msk54] 6
$m$ $arrow m$
8. $Aarrow 0\neg A$ $\neg A$
$\mathrm{i}<m$ $Aarrow i+1\neg A$ $Aarrow(Aarrow i\neg A)$
Claim 3.2.1 (standard) $n\in \mathrm{N}$
$||A arrow_{n}\neg A||\mathrm{M}=\min\{(n+1\rangle(1-||A||_{\mathrm{M}}))1\}$
$\omega$
$R_{\omega}=\{x : (\exists n)x\in xarrow_{n}x\not\in x\}$
$m$ $-_{m}$




. || $\in R_{\omega}||\mathrm{M}=1$
$||R_{\omega}\in R_{\omega}||\mathrm{M}$ $=$ $||(\exists n)[R_{\omega}\in R_{\omega}-_{n}$ R-\not\in R J\rceil $||_{M}$




$||R_{\omega}\in R_{\omega}||_{\mathrm{M}}=p<1$ $m$ $m\mathrm{x}(1-$
$p)\geq 1$
$||R_{\omega}\in R_{\omega}||_{\mathrm{M}}$ $=$ ||(\exists n)[R\mbox{\boldmath $\omega$}\in R $arrow_{n}R_{\omega}\not\in R_{\omega}$ ] $||_{\mathrm{M}}$
$=$






$arrow_{m}$ recursion theorem term $\theta$
$\langle n, x\rangle\in\theta$ $\prec\Rightarrow$ $[n=\emptyset\Lambda x\not\in x]$
$\vee[(\exists k\in\omega)n=\{k\}\wedge(x\in xarrow\langle k, x\rangle\in\theta)]$
$\langle n, x\rangle\in\theta$ $x\in xarrow_{n}x\not\in x$
$=\{x : (\exists n\in\omega)\langle n, x\rangle\in\theta\}$
322 Paradox ( )
\in R
White $\mathrm{H}$ ( ) paradox
$\bullet$ || $\in R_{\omega}||_{\mathrm{M}}=1$
\acute 1 $\omega$ $||R_{\omega}\in$
$R_{\omega}||_{\mathrm{M}}=1$




$n$ $||\langle n, R_{\omega}\rangle\in\theta||\mathrm{M}=0$ $d$ $||\langle d, R_{\omega}\rangle\in$
$\theta||\mathrm{M}>0$ $\langle d, R_{\omega}\rangle\in\theta$ $d$. || $\in R_{\omega}||_{\mathrm{M}}=1_{\text{ }}$ $(\exists n)\langle n, R_{\omega}\rangle\in\theta$ 1 ( LQ
)
$\mathrm{H}$ $\mathrm{r}_{\omega}$ non\mbox{\boldmath $\omega$} $R_{\omega}\in R_{\omega}$
$\omega$ crispness
Definition 3.2.2 (Crispness) $\bullet$ $\varphi(x)$ crisp $a$ $||\varphi(a)||_{\mathrm{M}}$
0 1. $X$ crisp $x\in X$ crisp
11
3.1.1 $\omega$ crisp $d$ $0<||d\in\omega||<1$
( $d$ )
$\omega$ crisp $\omega$ 311
$\omega$ crisp
$\theta$ $R_{\omega}$ crisp
33 : $\omega$ order type
$\omega$ order type
$n$ l $\langle n, R_{\omega}\rangle\not\in\theta$ 1
$||\langle d$ , ) $\in\theta||\mathrm{M}>0$ $||\langle n, R_{\omega}\rangle\not\in$
$\theta||=1$ $n$




inductive. $\omega^{(0)}=\omega,$ $R_{\omega^{(0\rangle}}=R_{\omega}$. $\omega^{(1)}=\{n\in\omega^{(0)} : \langle n, R_{\omega^{(0)}}\rangle\not\in\theta\},$ $R_{\omega^{(\mathrm{J})}}=\{x : (\exists n\in\omega^{(1)})\langle n, x\rangle\in\theta\}$.. $\omega^{(n+1)}=\{k\in\omega^{\langle n)} : \langle k, R_{\omega^{(n)}}\rangle\not\in\theta\},$ $R_{\omega^{(n+1)}}=\{x : (\exists n\in\omega^{(n+1)})\langle n, x\rangle\in\theta\}$.
$\omega^{(1)}$ ( $n$ $\omega^{(n))}$
Lemma 3.31 ( ) $n$ $\mathrm{H}$
$\ulcorner_{\omega^{(n)}}$
proof $n=1$ $R_{\omega^{(1)}}\in R_{\omega^{(1)}}$ 311
$k$ $\langle k, R_{\omega^{(1)}}\rangle\in\theta$ 0
. $d$ $||\langle d, R_{\omega}(1)\rangle\in\theta||>0$
$\bullet$ $R_{\omega^{(1)}}\in R_{\omega^{\{1)}}$ ( $(\exists n\in\omega^{(1)})[\langle n,$ $R_{\omega^{(1)}}\rangle\in\theta]$ ) 1




( ) $n,$ $k$ $||k\in\omega^{(n)}||=1$
$\omega$ crisp $\omega^{(n)}$
$j$ $||j\in\omega^{(n)}||\geq||j\in\omega^{(n+1)}||$ . $\omega^{(n+1)}$
$\omega^{(n)}$ initial segment
$\omega$ crisp ’ $\langle$$n)$ , $(n+1)$ proper initial segment





$+$ $\mathrm{H}$ $Plus(x_{1}y, z)$ (
$x+y=z$ ) 231 Plus crispness Plus
plus$(x, y)=z$ plus(x, $y$ ) totality
/
Hajek PALTr $\mathrm{H}$ induction scheme
$[\mathrm{H}\mathrm{a}\mathrm{j}05]_{\text{ }}$
Definition 4.1.1 induction scheme on $\omega$ formula $\varphi$ (
$\varphi(0)\Lambda(\forall n\in\omega)\varphi(n)rightarrow\varphi(n+1)$ infer $(\forall x)[x\in\omegaarrow\varphi(x)]$




Theorem 412 (Hajek) $\mathrm{H}$ ? induction scheme on $\omega$
proof induction scheme $||R_{\omega}\in R_{\omega}||=1$ ( $\neg(\forall n)[\langle n$ , ) $\not\in\theta])$
. $||\langle 0, R_{\omega}\rangle\not\in\theta||=||R_{\omega}\in R_{\omega}||=1$ ,
13
. $||\langle n, R_{\omega}\rangle\not\in\theta||=1$
$||\langle n+1,$
$R_{\omega}\rangle\not\in\theta||=1-||\omega\in B[searrow] \mathrm{m}^{\omega}arrow$ $\infty\langle n,$
$R_{\omega}\}\in\theta||=1$
1 0
induction $(\forall x)[\langle x, R_{\omega}\rangle\not\in\theta]$
$\mathrm{P}\mathrm{A}$
( ) $\mathrm{H}$
$n$ $\langle n, R_{\omega}\rangle\in\theta$ 0
$d$ $||\langle d, R_{\omega}\rangle\in\theta||>0$
( $\rangle_{\text{ }}$
412 $\mathrm{H}$ induction scheme on $\omega$
8 $\omega$ crisp crisp total function
Hajek
can we add consistently to the theory axioms guaranteeing the existence of the crisp





$\mathrm{H}$ $\mathrm{L}\mathrm{Q}$ ( $\mathrm{L}\mathrm{Q}$
PALTr Hajek, Paris and Shepherdson )
Definition 4.2.1 PALTr $\mathrm{P}\mathrm{A}$ Tr $\mathrm{L}\mathrm{Q}$
’
rule. $\mathrm{P}\mathrm{A}$ deuction $mle$
. Binary relation Successor $S(x, y)$ , equality $=$ 3-ary relation addition $A(x, y)z)$ ,









$\varphi$ G\"odel $number)_{\text{ }}$
$[\mathrm{H}\mathrm{P}\mathrm{S}00]_{\text{ }}$
Lemma 422 1. $\varphi$ $\mathrm{P}\mathrm{A}\vdash\varphi$ iff $\mathrm{P}\mathrm{A}\mathrm{L}\mathrm{R}\vdash\varphi$
a formula $\varphi(x)$ : $\psi$
$\mathrm{P}\mathrm{A}\mathrm{L}\mathrm{R}\vdash\psirightarrow\varphi(\overline{\psi})$




$\lambda$ $\lambda$ $\in R_{\omega}$
2 Yatabe
Visser[Vis84] Gupta-
Belnap[GB93] Visser $\mathrm{R}\mathrm{u}\mathrm{s}^{1}\mathrm{s}\mathrm{e}11$ paradox
Grelling’s paradox even identica $f$ Gupta-Belnap
Concepts with circular definitions behave in ways that are remarkctbiy simiiar



















$6\mathrm{M}\mathrm{o}\mathrm{h}$ Shaw-Kwei Paradox[M sk54] $m\in \mathrm{N}$ Lukasiewicz mN
Lukasiewicz mN
$\mathrm{L}_{m}$ $\{0, \frac{1}{m-1}, \cdots , \frac{m-2}{m-1},1\}$ LQ
$\mathrm{L}_{m}$
$R_{m}=\{x : x\in xarrow_{m-1}x\not\in x\}$
claim 3.2.1 $R_{m}\in R_{m}$
$7\mathrm{H}\mathrm{a}\mathrm{j}\mathrm{e}\mathrm{k}$ [Haj05] $\mathrm{L}\mathrm{Q}$ (Lukasiewicz iogic $\mathrm{L}\forall$)
(weak Cantor-Lukasiewicz set theory $\mathrm{C}\mathrm{L}_{0}$)
$\mathrm{H}$ induction scheme on $\omega$ $\mathrm{P}\mathrm{A}$ self-referring
( [HPSOO] )
412 Hajek
8 induction scheme $\varphi$ $\omega$
Hajek
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